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Synopsis 
In low-frequency relaxation experiments on paramagnetic crystals, placed in 
liquid helium, often dispersion- and absorption curves are found, strongly deviating 
from those following from the thermodynamic theory of Casimir and Du Pr6. For the 
relaxation time tabs, related to the maximum in the absorption curve, a temperature 
dependence Tab s~ T -°t with 1 < t~ < 6 has been found frequently, accompanied some- 
times with a jump at the helium-transition temperature T x. We computed, starting 
from a model including the heat conduction of lattice and helium bath and a heat 
resistance from crystal to bath, dispersion- and absorption curves and found that, 
assuming the direct process for the spin-lattice relaxation, ral~(T) (related to the 
maximum of the calculated absorption curve) can be described roughly as mentioned 
above with a jump at T h. 
1. Introduction. In the simple thermodynamic  theory o f  Casimir and 
Du Pr61 ) on paramagnetic relaxation in low-frequency alternating fields it 
is supposed that the magnetic sample is composed of  the system of  mag- 
netic moments,  usually called the spin system, and the lattice, Other  
assumptions are that the energy transport between these separate thermo- 
dynamic systems is proport ional  to the temperature difference and that 
the heat conduct ion in the crystal is very good. 
However,  relaxation measurements on several paramagnetic crystals, 
placed in liquid helium, are not  in agreement with this thermodynamic  
theory 2-6 ). At temperatures above the transit ion point o f  hel ium, Th, 
broadened absorpt ion curves and f lattened ispersion curves have been 
found. For  T < T~, there is a better  agreement with the formulae of  
Casimir and Du Pr6. The deviations from the ideal behaviour are some- 
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times expressed in a deviation parameter which, as a function of tempera- 
ture, has a discontinuity at T?, 2 ). For the temperature dependence of the 
relaxation parameter Zabs, defined as the reciprocal value of the frequency 
(co) where the absorption curve has a maximum, often powers of T 
between -1 and -6 are found. At Tk some authors report a discontinuity 
in the temperature dependence of tabs;just above T~ this relaxation para- 
meter has a larger value than just below it 3-6 ). Tokunaga et al. 6 ) even 
found for T < T;~ another temperature dependence as for T > T~. 
Several trials have been made to explain the discrepancy between 
theory and experiment. In early attempts a continuous distribution of 
relaxation times was introduced 7) and later on agreement was sought by 
means of  a summation of a finite number of dispersion and absorption 
curves 8). These trials should be considered only as a formal description of 
the experimental results and up till now they gave no contribution to the 
explanation of the results, deviating from the simple thermodynamic 
theory. 
In the calculation of Eisenstein 9 ) allowance is made for the finite heat 
conduction within the crystal. This calculation was applied to experiments 
of Van den Broek et  al. 2 ) but here too there was no satisfactory agree- 
ment. By taking into account he heat conduction of both the crystal and 
its surroundings Valkering and one of the present authors (vdM) ~° ) got a 
better agreement with some experimental curves. 
In this paper we start from an expression for the differential suscepti- 
bility as given in ref. 10, but in a less complicated presentation. It appears 
in the first place that experimental nd calculated ispersion- and 
absorption curves can be brought o each other in a satisfactory way. It is 
demonstrated that the shape of the crystals has some influence on the 
curves too. In the second place it is found that, supposing the spin-latt ice 
relaxation time r s proportional to T -1 , the temperature dependence of 
tabs, derived from calculated absorption curves, agrees rather well with 
many experimental results. At T~t we find a discontinuity in the calcu- 
lated tab s vs. T curve. 
2. Theory. In this section we present he formulae for the reduced 
mean susceptibility X [see (2.10) of this section] of single crystals with 
the shape of a sphere, a cylinder and a plate. For a detailed derivation of 
a general expression for X we refer to Valkering et  al. ,0 ). Here we only 
restrict ourselves to the presentation of some essential formulae and 
equations. 
For a paramagnetic crystal in a constant magnetic field H e with parallel 
to it a small alternating field h0 exp iwt  with frequency 6o we suppose: 
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M =M c+mo expiaat 
T s =T  c +0 s exp iwt  
T L = T c + 0 L exp ioat 
Tg =T c +0g exp iwt  
(2.1) 
M e is the constant part of the magnetization M and mo the complex 
amplitude of the alternating part; T c is the temperature of the bath far 
from the crystal; T s is the temperature of the spin system (specific heat at 
constant field Crt and at constant magnetization CM), T t of the lattice 
(specific heat CL, coefficient of heat conduction k t )  and Tg of the 
helium bath (specific heat Cg, coefficient of heat conduction kg); 0s, 0 L 
and 0g are complex temperature amplitudes. 
The equations describing the interaction between spin system and 
magnetic field are well known 1 ) and will not be given here. 
The equations describing the heat transport are: 
1) between spin system and lattice (heat-transfer coefficient or) 
dQs _ 
dt 
- - o t (Ts  - TL ) ;  (2 .2 )  
2) in the lattice 
"2t (CL TL) = ~kLV~ TL + Ot(Ts -- TL); (2.3) 
3) in the helium bath 
rg) = x ,v ,  (2.4) 
At the interface of the crystal and the bath a heat resistance R K causes a
temperature jump. The boundary conditions are: 
1 
RK (Tg - TL ) in te f f ,  = (~kLVTL)intcff. = (~kgVTg) in te f f . .  (2.5) 
Substituting (2. 1) into these equations and eliminating T s we find the 
equations for 0 L and 0g: 
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V20L  --  L (~)O L - M(w)= O, (2.6) 
V20g - -  i(wCg/Xg)Og = O, (2.7) 
with 
M(w) -  X L 1 +iWT s ho \aH]M c, (2.8) 
L(~)=_~L(l+icorsC L 1 ) 
C H 1 + i¢or s ' 
F= (C H - CM)/CH, 
(2.9) 
= CH/a. 
The reduced ifferential mean susceptibility will be defined in the 
usual way as 
1 f mo/ho X=-~ (3M/3H)T c dr (2.10) 
with V the volume of the crystal and dr a volume element. Following 
Valkering et al. 1o) we arrive at 
icor s icor s ~[X L 1 f OLdv" 
X = 1 -F  1 + i¢Ors +F(1  + icors)2 M(oo ) "-Vv (2.11) 
The problem has now been reduced to the solution of the equations 
(2.6) and (2.7) taking into account hat 0 L has a finite value, that 0g 
approaches to zero at a large distance from the crystal and the two 
boundary conditions (2.5). 
The solution will be presented for spherical crystals, radius ro (section 
2.1), for cylindrical crystals, radius ro, neglecting the influence of the flat 
boundary planes (section 2.2) and for crystals in the shape of thin plates 
with thickness 2r 0 also neglecting the edge effects (section 2.3). 
2.1. Spher ica l  crysta ls .  Solutions for (2.6) and (2.7) are respec- 
tively given by i a ): 
0 L = A sinh ( r~ M 
..... r~/ L L ' (2.12) 
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Og = B (e&/f l r ) ,  
with 
fl = - (1 + i) (OgCg/2;kg) ~-
A and B can be calculated with (2.5). For 0 L is found: 
M [ sinh (rx/rE) 
OL=-ff I. Nrx/T - 1] 
with 
R K ~LV/-~ rov/'L'-cosh (rov/~) - s inh  (rox/-/') N= 
ro 2 L + 
k L rox/Z- rox/-L-cosh (rox/-F) - sinh (rox/'L'3 
kg rof l -  1 ro2L 
Substitution of (2.15) into (2.11 ) gives: 
X = 1 - F iWrs + F iWrs °t/~kL 
1 + io.rr s (1 + iWrs) 2 L 
s inh( rox/~ 
rox/Z- 
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(2.13) 
(2.14) 
(2.15) 
{ RK~, L X L 1 
× - 1 + ro3-~L ro ~,g ro/3 - 1 
1 }-' 
4 _ 1 + rox/L"coth (rox/ZT) ] (2.16) 
2.2. Cy l indr ica l  crystals .  Solutions for 0 L and 0g are respectively11): 
0 L = A I o (rx/~-) - M/L ,  (2.17) 
0g = B(kero3,r + ikeio3,r), (2.18) 
10 is a modified Bessel function, ker and kei are Kelvin functions and 
I ~ (~oCg/Xg)~. Taking into account (2.5) one finds for 0L: 
M OL =-ff [ I° (rx/~N 1] (2.19) 
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with 
XL ~ I 1 (roV/'L ") N = RKXLV/LI1 ( ro~ + I o ( roV~ g 
X [ keroTro + ikeio~,ro 
kero 'Tro + ikeio '3,to ] (2.20) 
d 
{ ker°'Tr° -d(Tro) (keroTro)} .  
For the mean reduced susceptibility is found: 
X = 1 - F i¢°rs + F iC°rs O~/JkL 
1 +icor s (1 +i¢Ors) 2 L 
+ 2___~/RKX L ]k L 1 kero'Yro + ikeioTro 
X -1  ro2L I  r o - Xg ~'r o kero 'Tro + ikeio'),r o
+ ro----~ 11 (ro~/L-) 
2.3. Crystals in the shape of thin plates, th ickness 2ro. I fx 
is the distance to the symmetry plane, which is parallel to the two fiat 
boundary planes, the solutions for 0 L and 0g are 11 ): 
0 L = A cosh (xx/Z-) - M/L ,  (2.22) 
Og = Be fJx. (2.23) 
With (2.5) for 0 L is found 
M[ c°sh (xx/~ 1] OL =-T" N (2.24) 
with 
XL ~x~r'sinh (rovCL) + cosh (rox/rL). (2.25) N = XLR Kx/L-sinh (rox/~ - g
For the reduced mean susceptibility it follows 
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X = 1 - F i6°ls + F iWrs °t/XL 
1 + ia~r s (1 + i6O~'s) 2 L 
X [ _1+ 1__._~ { XLRK XL 1 +____L 
ro2L ro Xg ro/3 rov ~- coth (rov@-) }-l ]. 
(2.26) 
The three relations for X: (2.16), (2.21) and (2.26) have the same 
structure. The first two terms give the well-known relations of Casimir 
and Du Pr6. If only the term - 1 between the square brackets plays a role 
the ideally isolated case is found 12). The second term between the square 
brackets is a correction on both ideal cases. In the denominator of  this 
term ~LRK/ro represents the influence of the boundary resistance (which 
is the Kapitza resistance at T < T~,), the next term the influence of the 
surroundings and the last term the influence of the heat conduction in 
the crystal. 
3. The influence of the heat transport on the dispersion- and absorp- 
lion curves. Starting from expressions (2. 16), (2.21) and (2.26) we calcu- 
lated a number of  dispersion- and absorption curves with the aid of a 
computer. The values of the dimensionless groups, which occur in these 
relations and which are specified in fig. 1, may greatly influence the shape 
of these curves. This has especially been investigated for a spherical single 
crystal. 
In fig. 1, which is an outline of the model, the used quantities are 
indicated, D and R denote ratios of specific heats; P, Q and S are ratios of 
coefficients of heat conduction or heat transfer. In order to simplify the 
expression for the reduced mean susceptibility the dimensionless 
D ,T a-  |p  
u~ Tic~ j 
°-2 
Q ~¢Rx 
ro 
Fig. 1. The model and the dimensionless groups. 
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quantities L*(w) [= XLL(6o)/ot] and R* [= (PRS/2)~ ] have been intro- 
duced. For expression (2.16) we can now write: 
X = 1 -F  i~rs + F iwrs 1 
1 + icor s (1 + i~rs) 2 L* 
X -1+ Q + (1 + i) R ,x / -~s  + 1 
1 }1] 
+ - 1 +V0~ -* coth (X/-P~*) " (3.1) 
Results of the computer calculations on a spherical single crystal with for 
F the arbitrary value F = 0.5 will be described now. 
3.1. The in f luence  o f  P and D when Q =S = 0. The heat resis- 
tance R K has been taken zero and the coefficient of heat conduction Xg 
infinitely large, so we have to do with the Eisenstein case 9). Indeed it can 
be shown that (3.1), with Q = S = 0, is in agreement with the formula of 
Eisenstein. It appears that for P < 1 and D < 1 the deviations from the 
ideal Casimir and Du Pr6 curves are small. Dispersion- and absorption 
curves are presented in fig. 2 for P = 10 and P = 100 with different values 
of D. Especially at a large P value the shape and the position of these 
curves is strongly dependent on D. At small values of D the deviations of 
the ideal behaviour are small and at large values the absorption curves are 
broadened, mainly at the high-frequency side. It follows from the 
absorption curve with P = 10 and D = 100 that it is not always justified to 
take the maximum of a nearly ideal absorption curve in the determination 
of the spin-latt ice relaxation time. This situation can occur in systems 
with large C H (e. g. at phase transition). A small maximum in the absorp- 
tion curve appears to be present at wr s --- 101, agreeing with the isolated 
case. The splitting up of the absorption curve at extremely large P in a 
strongly broadened curve and the ideally isolated curve is obviously 
demonstrated in fig. 3. 
3.2. The in f luence  o f  Q. For P and D small and S = 0 expression 
(3.1) transforms into: 
icor s i~or s 1 [ 3] 
x= l - F l + ioars + F (1T~rs )  = L* - I + pQL* + 3 " (3.2) 
For large values of Q it can be shown that the dispersion- or absorption 
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1.o F° ~ 
Q8 
1.C 
0.8 
I x. 
0.1 
O.6 
OO1 0J 1 10 
Fig. 2. The dispersion (X') and absorption (X") vs. ~r s (on logarithmic scale) for 
P = 100 (upper curves) and P-- 10, Q = S = 0, F = 0.5 and different D: V, D = 0.01 ; 
e, D = 0.1; &, D = 1; •, D = 10; o, D = 100. There is not much difference between the 
curves with D = 10 and D = 100, which deviate from the ideal behaviour, mainly at 
the high-frequency side. 
tO-  
x, T Ix" 
~-O.1 
0.6 B,, 
O.S OOOO1 ~ O01 o.1 I 1o 
Fig 3. The dispersion (X') and absorption (X") vs. co'r s (on logarithmic scale) for 
D = 1, Q =S = 0, F= 0.5 and d i f fe rent  P: o p= 0.1;r"l,p= 10; I-1,p= 102; 
~.P=10a;V ,P=IO4;O,P=I0S; [ ] ,p= 106 . 
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curve is the sum of two ideal curves, characterized by: ¢or s = D + 1 
(isolated case) and cot s = 3D/[PQ(D + 1) 1, i.e. at these values of  cot s the 
dispersion curve has a point of  inflection and the absorpt ion curve a 
maximum (fig. 4). In fig. 5 some calculated curves have been given. I f  the 
two values of  COts, where the absorpt ion curve has a maximum, are of  the 
same magnitude, it is also allowed to consider this curve as a sum of  two 
ideal absorption curves but it is not  possible to connect  one of  these wr s 
values with a relaxation t ime of  a single relaxation process. Coeff ic ients of  
heat transfer only give a splitting up into two curves, with unmixed 
relaxation times, under extreme condit ions ~2,13). 
3.3. The  in f luence  of  R and  S. P and D are supposed to be small 
and Q = 0. In figs. 6 and 7 the results have been presented for R = 1 and 
10, respectively, S varying from 0.1 to 10,000. At large values of  S we get 
a splitting up in two curves: one at low cot s deviating strongly f rom an 
ideal curve and one at wr  s = D + 1, which is the ideally isolated curve. At 
small values of  S the curves only slightly deviate from those of  Casimir 
and Du Pr6. For  intermediate values of  S f lattened ispersion curves and 
strongly broadened absorption curves are found; the broadening specially 
being now at the low-frequency side. 
At l iquid-helium temperatures the value 10 for S seems to be realistic 
for several crystals on which exper iments have been performed.  So it is 
realistic to expect  hat, as a consequence of  the influence of  R and S, the 
absorpt ion curves have been broadened at the low-frequency side. Experi- 
mental results on crystals, investigated in liquid helium, are in agreement 
with this expectat ion 2). 
x I 
2X" 
L L 
Fig. 4. The X' and X" vs. o.n- s curves (on logarithmic scale), when the heat conduction 
in lattice and bath is good (P is small, S --- 0). The heat transfer coefficients otand R K 
bring on two ideal relaxation curves if (3/PQ) [D/(D + 1)] '~D + 1. 
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1.0-- 
0.8 
X' 
O.6 
1 I t I 
l" I 0,1 
0.001 0.01 0,1 1.0 10 
Fig. 5. The dispersion (X') and absorption (X") vs. 6o7" s (on logarithmic scale) forD = 1, 
P= 1, S = 0, F= 0.5 and different Q: D, Q= 1;e, Q = 10;% Q = 102; A, Q = 103; V, 
Q = 104 ; m, Q = 10 s. The absorption curve at the low-frequency side reaches the value 
0. 125 for Q = 104 and Q = l0 s which should be expected for an ideal curve. 
4. The temperature dependence of  the dispersion- and absorption 
curves and o f  tab s. In this section we look at the temperature dependence 
of the calculated ispersion- and absorption curves and of  Tab s. We start 
f rom a chosen magnitude of  the variable quantities at T = 4.2 K and 
calculate their values at lower temperatures from the temperature depen- 
dence of  these quantities, taken from literature. 
1) F independent of  temperature. 
2) D = CH/C L C H ec T -2 and C L = T 3 results in D ~x T -s 
3) n = Cg/Cn C H = T -2 ; the temperature dependence o f  Cg is 
given in ref. 14. 
4) P= r02 (a/XL) We suppose that r s is determined by the direct 
process, so r s o: T -1 and r s = CH/ot leads to o~= T -1 
For  ~k L we suppose: X L oc T 2 as is often found for 
aqueous crystals at 1.0 K < T < 4.2 K Is ). 
5) Q = )tLRK/r o In our experiments we took zero for this quantity.  
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x T 
x.T 
1.0  
0 .8  
0 .6  
0 .2  
0 .1  
_ _ _ I 
(1001 0.01 1 10 
i )  
F ig  6. The dispersion (X') and absorption (X") vs. o.n" s (on logarithmic scale) for 
D = 1 ,P  = 1, Q= 0, F = 0.5, R = 1 and different S: cJ, S= 0.1; e, S= 1;o,  S = 10;A,  
S = 10 2 ; V, S = 10 3 ; i ,  S = 10 4. The curves with S = 1 and S = 10 are typical experi- 
mental ones, with strong deviations mainly at the low-frequency side. 
6) S - xL 
Xg 
~k L ~x T 2 ; Xg: see ref. 14. At T > T x S has a finite 
value and S = 0 at T < T x because of the extremely 
good heat-conduction i  superfluid helium. 
We successively deal with the temperature dependence of the disper- 
sion and absorption curves (section 4.1), the influence of the ratios of 
coefficients of heat conduction and heat transfer on tab s and on the 
deviation parameter d to be defined later on (section 4.2) and the influence 
of the specific heats on tab s and d (section 4.3). 
4.1. D ispers ion -  and absorpt ion  curves .  In fig. 8 a number of 
absorption curves, belonging to different emperatures, are presented. 
The chosen values at T = 4. 2 K of P, D, S, R, Q and F have been given in 
the figure. The curve of 4.2 K is already strongly broadened; at decreasing 
temperature until 2.2 K this broadening is increasing. The maximum of 
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x.T 
1.0 
0.6 
__L L I I 
0.2 
0.1 
x,T 
L I 
OD01 0,1 1 10 
COT, 
Fig. 7. The dispersion (X') and absorption (X") vs. ~r s (on logarithmic scale) forD = 1, 
P= 1, Q=O,F=O.5 ,  R= lOandd i f fe rentS :D ,S=O.1 ;e ,S= 1;o ,S= 10;A,  
S = 102; 7, S = 103; a, S = 104. The absorption curve at the low-frequency side does 
not reach the value 0.125 (compare fig. 5). 
the absorption is certainly not found at ear s = 1 so the direct process will 
not be found from it. From 2.2 K to 2.15 K the value of cot s jumps from 
0.20 to 0.54. The curve of 2.15 K looks like an ideal Casimir- and Du Pr6 
curve, but the top is not found at wr s = 1. Again an increase of the 
broadening is found at decreasing temperature. For the dispersion curves, 
also given in fig. 8, an analogous behaviour is found. 
With the help of the deviation parameter d = 1 - 2h/F (h is the height 
of the absorption curve) the deviation from ideal behaviour is described. 
From the absorption curves of fig. 8 the quantities tab s (T) and d(T) have 
been derived; the results can be found in fig. 9 and fig. 10. Notable is the 
jump of both quantities at TX. 
4.2. Heat  conduct ion  and heat  t rans fer .  At a fixed value of D 
and of R the relative heat-transport quantities P and S have been varied. 
At T= 4.2 K we took forD and R the values 1 and 10 respectively which 
may be in accordance with experimental circumstances of aqueous 
crystals. In the left-hand part of  fig. 9 ~'abs has been plotted as a function of 
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\ \ \ \ \  
o.8 \~\\\\ x,, 
/°'11 • 
0.01 0.1 1 10 
Fig. 8. The dispersion (X') and absorpt ion (X") vs. 6or s (on logarithmic scale) for 
dif ferent temperatures:  o, T= 4.2 K; A, T= 3.0 K; 7, T = 2.5 K; o, T = 2.2 K; e, 
T = 2.15 K; &, T = 1.8 K; v, T = 1.5 K. At  4.2 K the values of the dimensionless groups 
are: P= 2, D = 1, S = 10, R = 10, Q = 0 ;F= 0.5. The dashed curves are the Casimir 
and Du Pr6 curves. If there are no deviations all the curves should coincide the ideal 
curves. Notable is the difference between the curves of 2.2 K and 2.15 K. 
T fo rP= 0.125 and 2.0 (at 4.2 K) and in the right-hand part of fig. 9 for 
P = 0.5 and 8.0. At T < T X the heat conduction in the liquid helium is 
very good, so S = 0. For the temperature dependence of tabs, derived 
from the calculated absorption curves, we find: 
"gabs cc I 
T 1"3 for P= 0.125 
T -1"9 for P = 0.5 
T -3"0 for P = 2.0 
L T-'4"° for P = 8.0. 
So we see a larger temperature dependence for a larger starting value of 
P at T = 4.2 K. At the k-point of helium a jump in tab s is observed; this 
jump becomes higher when P and S are increasing. The influence of the 
bath on l"ab s is clearly demonstrated at temperatures above the X-point. 
The specific heat of liquid helium, which is strongly dependent on 
temperature just above TX, determines the magnitude of tab s in such a way 
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I , 
- o ,  o~ I d6 -2~ 0.2 T~ " 0 i2 T~ 0.4 
log T log T 
Fig. 9. The influence of P and S on the 7"ab s vs. T curve. We computed tab s (T) making 
use of the direct process for r s given by T. The values of rs(T) and tabs(T) are normal- 
ized, that means they have been divided by the value of r s at 4.2 K. 
At 4.2 K: D = 1, R = 10 ;Q= 0, F= 0.5 
S P=0.125  P=0.5  P=2.0  P=8.0  
0 ~ o ~ D 
10 0 • • • 
40 6 ~ A 
For clarity's sake the curves have been separated into two figures; the left-hand one 
fo rP= 0.125 andP= 2.0, the right-hand one fo rP= 0.5 andP= 8.0. The curve, 
indicated by ~, nearly coincides the one indicated by z~ (for T > TX). 
that a minimum in the 7"ab s VS. T curve is found in some cases at about 
2.3 K. In the temperature r gion from 3.0 K to 4.2 K sometimes two tops 
are observed in the absorption curve: one as a consequence of the 
isolated lattice and the other one as a consequence of the bad heat con- 
duction in the lattice and the bath. 
In fig. 10 the deviation parameter (d) has been given for a number of 
curves, presented in fig. 9. We remark that: at T~t the d vs. T curve may 
have a jump, which magnitude is dependent on P and S; for T > T~ the 
deviation parameter d may be very large (0.5-0.6) ;  for T < T~, d is larger 
as P is larger and d is increasing at decreasing temperature. 
4.3. Spec i f i c  heats .  At a fixed value of P and of S the relative 
specific-heat quantities D and R have been varied. On account of data 
from literature we chose P= 0.50 and S = 10 (both at T= 4.2 K); Q has 
been taken zero and D 0.1, 1 and 10. The results have been presented in 
fig. 11. For T < T~, the magnitude of D has hardly any influence on tab s. 
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0.4 
°l 
i 
2.0~ T.  30 4~ 
Fig. 10. The deviat ion parameter  d = 1 - 2h/F  vs. T for dif ferent P and S. 
A t4 .2K:D= 1 ,R= 10, Q=0,  F=0.5 .  
P S 
o 0.50 10 
z~ 2.0 10 
V 2.0 40 
[] 8.0 10 
0 8.0 40 
This effect we already observed for large values of D in fig. 2. Almost 
independent of D we find tab s = T -1"9 . The tab s vs. T curve has a discon- 
tinuity at T x again. The magnitude of the jump is mainly determined by 
R: the larger R, the smaller the jump. A large R means a relative large 
specific heat of the surrounding helium and so the influence of the prop- 
erties of heat conduction of the helium on tab s is only small. For T > T x 
the curves o fR  = 0.1 and 0.01 almost coincide; partly this is the case for 
the curves with R = 1. Again we see that in a definite temperature gion 
the absorption curve may have two maxima, Le. there are two values of 
tabs. 
In section 4.2 the specific heat ratios and in section 4.3 the heat-trans- 
port ratios are kept constant. Actually a variation of all the quantities 
should be executed. We are of the opinion that by doing so an incalculable 
quantity of data might be obtained. Therefore we believe that it is pre- 
ferable to start from relative quantities, derived from experiment. The 
specific results, presented in sections 4.2 and 4.3, will be found 
undoubtedly. 
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Fig. 11. The inf luence of D and R on the Tab s vs. T curve. The values of Tabs(T) are 
normal ized (see capt ion of fig. 9). At 4.2 K: P = 0.50, S = 10; Q = 0, F= 0.5 
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For T < T h the three curves with D = 0.1, 1 and 10 respectively nearly coincide. 
5. Influence of the crystal shape. The susceptibility for spherical and 
cylindrical crystals and for crystals in the shape of thin plates has been 
given by the expressions (2.16), (2.21) and (2.26), respectively. The term 
between square brackets in these formulae, denoted by fs, fc and fp, 
respectively, is a complex quantity and, for the three cases, not mutually 
comparable in a simple way. The boundary values o f f  are 0 (Casimir and 
Du Pr6 case) and - 1 (ideally isolated case). I f  only the Eisenstein term 
is taken into account for small values of the argument z = row~L, it is 
possible to compare the three ps  with each other. We find in this case: 
fs = - ~ z2 ,fc = - ~ z2 andfp = - ½ z 2 . So for an equal value o fz  (that 
means: the same value for r0 and the same material) it holds: Ifpl > [fcl 
> Ifsl and therefore the curves for the plate have the largest deviations 
from the ideal curves of the Casimir and Du Prd theory. In view of  the 
limited possibilities of heat transport of the plate this could have been 
expected in advance. In practice experiments are often performed on 
cylindrical crystals and in order to measure the same effect (about the 
same number of spins in the crystal) the radius of a cylinder can be taken 
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smaller than that of  a sphere. Actually it is preferable to do experiments 
with thin plates or with long cylinders rather than with a sphere. From 
this consideration it also follows that better results can be expected with 
powders 16). 
In fig. 12 the dispersion- and absorption curves have been presented 
for the three crystal shapes w i thD = 1, R = 10, P= 5, Q = 0, S = 0 and 
F = 0.5. It can be seen that the plate gives the largest deviations. 
In fig. 13 the temperature dependence of tab s has been given, calculated 
from the starting values D = I, R = 10, P = 2, Q = 0, S = 10 and F = 0.5 
at T = 4.2 K and a temperature dependence of the parameters given in the 
preceding section. 
For T < T~ we find: 
sphere Tab s = T -a'° , 
cylinder tabs cx T -a-3 , 
plate tab scx T -3"9 . 
6. Comparison with some exper imenta l  results. As already ment ioned 
in section I the experimental results of Van den Broek et al. 2 ) on a 
spherical sample of  KCr alum can be better described with the formulae 
of Valkering et  al. 1o) than with those of Eisenstein. The change in the 
dispersion and absorption curves at T = TX was explained by assuming 
that superfluid helium penetrates the pores of the crystal and this should 
-improve the heat transport. In our model we suppose that for T > T?, the 
1.0 
0.8 
x 1 
0.6 
0.2 
0.01 0.1 1 10 
, . , T  s 
Fig. 12. The dispersion (X') and absorption (X") vs. azr s (on logarithmic scale) for the 
three crystal shapes: sphere (o, o), cylinder (A,/x) and plate (B, o);D = 1, R = 10, P = 5, 
Q = 0, S = 0 andF= 0.5.  
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Fig. 13. The inf luence of the shape of the crystal on the tab s vs. T curve. We computed  
tab s (T) making use of the direct process for 7" s given by e. The values of 7" s (T)  and 
"rat ~ (T) are normal ized,  that means: they have been divided by the value of 7" s at 
4.2 K. Sphere: o; cyl inder: A; plate: ~. D = 1, R = 10, P= 2, Q = 0, S = i0  and F=0.5 .  
relaxation phenomena are greatly determined by the heat properties of 
the helium and of the crystal while for T < Tk only the Eisenstein term 
remains. This implies that at decreasing temperature the deviations from 
ideal behaviour will increase again and indeed this is in accordance with 
experimental results 1~ ). 
In this section we present calculated values of tabs(T) of KCr alum at 
H = 2250 Oe and we compare these with the measurements of Van den 
Brock et  al. 2 ). For the determination of C H and C M we use:/~0 C = 
109 × 10 -9 J K/A2m and b/taoC= 4.5 X 109 A2/m 2. The radius r0 of the 
crystal is 8 X 10 -3 m. At T = 4.2 K we take for ~k L = 1.8 J/Ksm and for 
~'s = 1.5 × 10 -3 s; it often appears (figs. 9, 11) that at 4.2 K the difference 
between the calculated tab s and the spin-lattice relaxation time r s 
generally is small. For C L we take the results of Kapadnis 18 ): C L = 
15.07 × T 3 (J/K.m 3 ). The data of liquid helium kg and Cg, we borrow 
from Wilks x4 ). The temperature dependence of the used quantities has 
been given in section 4. At T = 4.2 K we calculate: D = 0.20, R = 2500, 
S = 63.5, P'= 5.4 and F= 0.88; Q is taken zero. 
In fig. 14 our calculated values and those of Van den Brock et  al. have 
been presented. The agreement is not unsatisfactory. The calculated 
values can roughly be described by: tab  s ~ T -3"s whereas Van den Brock 
et al. found: tab s (exp) = T -3"6s  . The jump at T~, is not large in the calcu- 
lated curve and in the description of the experiments no mention is made 
of it. 
We also applied the model to some other aqueous crystals. So e.g. it is 
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Fig. 14. The tab s vs. T curve for chromium potassium alum at H = 2250 Oe. We 
computed Tab s (T) indicated by • making use of the direct process for 7" s indicated by 
z~. The values, measured by Van den Broek et  al., are also indicated (n). All the r's are 
normalized, that means they have been divided by the estimated value of ~'s at 4.2 K. 
possible to explain why the experimental results of two of the present 
authors (F, vdM 4 )) on cerium magnesium nitrate are in excellent agree- 
ment with Casimir and Du Pr6's formulae whereas the curves of lanthanum 
manganese nitrate in fields from about 6 kOe show large deviations. In 
the last mentioned salt a discontinuity in the tab s vs. T curve has been 
found. 
For many crystals the right value for ~k L is a problem. Bijl is ) found for 
chromium potassium alum that )k L is dependent on the way of cooling 
the crystal. This implies that relaxation measurements may be not quite 
reproducible. This indeed we observed in recent experiments on 
Cs2 MnCI4.2H20. 
Finally we remark that in relaxation experiments with an exponential 
recovery curve (e.g., pulse saturation with monitored recovery), probably 
the influence Of the heat conduction in the crystal (especially aqueous 
crystals) and in the surroundings has also to be taken into account. In 
this case it will not be possible to describe the recovery curve with one 
single exponential power. 
7. Conclusions. In the preceding sections we demonstrated that the heat 
conduction in the crystal and in the surrounding helium may influence 
largely the shape of the dispersion- and absorption curves. On one side we 
see curves, strongly deviating from the ideal case, on the other the curves 
may be largely moved up to low frequencies. In case of bad heat 
conduction the temperature dependence of tab s (for torah s = 1 the absorp- 
tion curve has a maximum) is not so much determined by the sp in-  
lattice relaxation, but more by the temperature dependent heat-transport 
quantities. At T = T~, we see a jump in the calculated tab s vs. T curve as a 
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consequence of properties of the surrounding helium. So it is not necessary 
to assume a penetration of superflui d helium into the pores of  the crystal 
in order to explain the nearly ideal curves at T < T x. 
We are convinced of the fact that the model discussed in this paper 
has its restrictions. So we adopted one spin system and one lattice 
system. Extension of the model with more systems will undoubtedly be 
possible. If the crystal is surrounded by helium gas the model should be 
extended as well. On the crystal there will be a helium film, fluctuating in 
thickness. The influence of  the pressure of  the helium gas on the disper- 
sion- and absorption curves is now stt~died in our group. Indeed we find a 
strong pressure dependence in recent experiments on Cs2 MnC14.2H~ O, 
which has bad heat conduction. In order to avoid the influence of the 
heat conduction on the relaxation phenomena we hope, with a low 
pressure of the surrounding helium gas, to acquire real information about 
the spin- latt ice relaxation time. 
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